We perform a complete Hamiltonian analysis of the BF CG action for a general Lie 2-group by using the Dirac procedure. We show that the resulting dynamical constraints eliminate all local degrees of freedom which implies that the BF CG theory is a topological field theory.
Introduction
Two-groups, or crossed modules, represent a category theory generalization of the concept of a group, see [1, 2] . Beside their applications in topology, the 2-groups can be used to generalize the notion of a gauge symmetry [3] . The 2-groups can be also used to formulate state-sum invariants of 4-manifolds [4] , as well as state-sum models of quantum gravity [5, 6] . In applications of 2-groups to gauge theories and gravity, the central role is played by the BF CG topological field theory, which is a generalization of the usual BF theory such that the Lie group of the BF theory is replaced by a Lie 2-group [7, 8] .
In this paper we will carry out the Hamiltonian analysis of the BF CG theory for a general Lie 2-group. This analysis is important because it is the only way to discover what are the physical degrees of freedom (DOF). Also it is the first step towards a canonical quantization of a BF CG theory. Understanding the canonical quantization of a BF CG theory is not only important for formulating new quantum gravity theories, but it will have important implications for constructing new manifold invariants, as well as for the formulation of a Peter-Weyl theorem for a Lie 2-group, see [8] . Note that the Hamiltonian analysis of a BF CG theory in the special case of the Poincaré 2-group has been carried out in [9, 10] , while the corresponding canonical quantization has been discussed in [9] .
In section 2 we describe 2-groups and the BF CG action. In section 3 we discuss the field equations and write the BF CG action in terms of the spacetime components of the relevant fields. We also present the Bianchi identities which are important for the counting of the local degrees of freedom. In section 4 we perform a gauge-fixed canonical analysis of the BF CG action, which is a generalization of the gauge-fixed canonical analysis introduced in [9] . In section 5 we perform the complete canonical analysis by using the Dirac procedure and in section 6 show that there are no local DOF. In section 7 we present our conclusions.
2-groups and BF CG theory
A category is an algebraic structure containing objects and maps between the objects, called morphisms, where the morphisms satisfy the composition rules associated to oriented curves (morphisms) joining points in space (objects), see [3] . A 2-category contains objects, morphisms and 2-morphisms. The latter are maps between morphisms, and the composition rules are modeled on the composition of oriented curves and the corresponding surfaces, see [3] . Since a group is a category with one object where all the morphisms are invertible, it is natural to define a 2-group as a 2-category with one object where all the morphism and 2-morphisms are invertible.
The concrete realization of a 2-group is a crossed module (G, H, ∂, ⊲), where G and H are groups, ∂ : H → G is a homomorphism and ⊲ is an action of G on H by automorphisms such that
for all g ∈ G and h, h ′ ∈ H. When G and H are Lie groups, one can also construct the differential crossed module (g, h, ∂, ⊲), where g and h are the corresponding Lie algebras, see [8] .
Given a smooth manifold M , a 2-connection can be defined as a pair of forms (A, β) such that A is a g-valued 1-form and β is a h-valued 2-form. One can associate to (A, β) a curvature 2-form F and a curvature 3-form G as
Note that F A = dA + A ∧ A is the curvature on the principal bundle P G (M ) and (A, β) is a 2-connection on a 2-bundle associated to the 2-group (G, H).
There are two types of gauge transformations for a 2-connection (A, β). Given a smooth map φ: M → G, we can define maps
which will be called a thin gauge transformation. Similarly, given a 1-form η on M with values in h, we can define maps
which will be called a fat gauge transformation. The curvature F, the fake curvature F and the 3-form curvature G transform under a thin gauge transformation as
while under a fat gauge transformation, they transform as
One can construct a topological theory of flat 2-connections by generalizing the BF action to the Lie 2-group case, see [7, 8] . In the case when the homomorphism ∂ is trivial, the corresponding action was constructed in [7] , while the action for the general case was constructed in [8] . This action is given by
where B is a 2-form valued in g and C is a 1-form valued in h. The evaluations , g and , h are G-invariant, bilinear, non-degenerate and symmetric forms in the corresponding Lie algebras. The BF CG action (8) will be invariant under a thin gauge transformation if
while the invariance under a fat gauge transformation is achieved if the fields B and C transform as
The antisymmetric map T : h × h → g is defined as
Also note that C ∧ T η is the antisymmetrization of T (C, η), see [8] for details.
Spacetime components of the action
In order to perform the canonical analysis of the BF CG action (8), we need to write it in terms of the spacetime components of the relevant fields. Let T a be a basis in g and τ α a basis in h. The structure constants are defined by
The homomorphisms ∂ and ⊲ then act as
and satisfy the following relations,
Also, the following relation
will be useful, where
The structure constants satisfy the Jacobi identities
We have also
and
The fake curvature can be written as
where
The curvature 3-form can be written as
denotes a total antisymmetrization of indices, given by
where p is a permutation and (−1) p is the parity of p.
The BF CG action then becomes
To simplify notation we use Q and q to lower g and h Lie algebra indices respectively, for example,
We also use the same symbol for ∂ α a and ∂ α a = q αβ ∂ β b Q ba and ⊲ αaγ = ⊲ β aγ q βα . This last quantity (that was in fact already defined in (11)) is antisymmetric in αγ, that is ⊲ αaγ = − ⊲ γaα , and we have as a consequence
where ∇ ⊲ µ is defined as the quantity in parenthesis. The equations of motion are obtained by equating to zero the variational derivatives of the action with respect to all fields. The variational derivatives with respect to B and C give
while the variational derivatives with respect to A and β give
(28) We will also use the Bianchi identities (BI) associated to the 1-form fields A and C. Namely, the corresponding 2-form curvatures
satisfy the following Bianchi identities
There are also the BI associated with the 2-form fields B and β. The corresponding 3-form curvatures are given by
so that
4 A gauge-fixed canonical analysis
We will assume that M = Σ × R and that t is a coordinate on R while {x i |i = 1, 2, 3} is a local coordinate chart on Σ. We can split the BF CG fields into temporal and spatial components by using
and U µ = (U 0 , U i ). For example
whereẊ = ∂ 0 X and throughout the rest of the paper, ǫ ijk ≡ ǫ 0ijk . The BF CG action can be then written as
where the Lagrangian L is given by
The fields π(A) and π(β) are given by
From these equations we see that the BF CG Lagrangian has the form
According to the theorem proved in [9] , such a Lagrangian is a result of the Dirac procedure in the gauge P (λ n ) = 0 if the constraints G n (P, Q) are of the first class with respect to the (P, Q) Poisson bracket, i.e. form a closed algebra under the Poison bracket defined by
It is straightforward to verify that the constraints from (42) are of the first class, by using the PB (44). The non-zero PB are then given by
where x = x, y = y and δ (3) (x − y) is the three-dimensional Dirac delta function. The Poisson-bracket algebra for the constraints from (42) is then given by
which confirms that they are of the first class. Hence the constraints of the action (24) correspond to the constraints of the Dirac analysis in the gauge
5 The complete canonical analysis
The analysis in the previous section has an implicit gauge fixing. To see this, we can perform the complete canonical analysis by using the Dirac procedure, see [11] . For this we consider the Lagrangian
and calculate the momenta (the functional derivatives of the Lagrangian with respect to the time derivatives of the variables) for all variables B a µν , A a µ , C α µ and β α µν ,
All of these momenta give rise to primary constraints since none of them can be inverted for the time derivatives of the variables,
We use the weak equality "≈" for the equality that holds on a subspace of the phase space, while the equality that holds for any point of the phase space will be called "strong" and it is denoted by the usual symbol "=". We will also use the expressions "on-shell" and "off-shell" for strong and weak equalities, respectively.
We will use the following fundamental Poisson brackets
to calculate the algebra between the primary constraints. We obtain
while all other Poisson brackets vanish. The canonical on-shell Hamiltonian is defined by
By using (48), (20) and (22) we can rewrite the Hamiltonian (53) such that all the velocities are multiplied by the first class constraints. Therefore in an on-shell quantity they drop out, so that
This expression does not depend on any of the canonical momenta and it contains only the fields and their spatial derivatives. By adding a Lagrange multiplier λ for each of the primary constraints we can build the off-shell Hamiltonian, which is given by
Since the primary constraints must be preserved in time, we must impose the following requirementṖ
for each primary constraint P . By using the consistency condition (56) for the primary constraints P (B) a 0i , P (C) α 0 , P (β) α 0i and P (A) a 0 we obtain the secondary constraints S
while in the case of P (B) a jk , P (C) α k , P (β) α jk and P (A) a k the consistency condition determines the following Lagrange multipliers
(58) The consistency conditions of the secondary constraints (57) turn out to be identically satisfied, and produce no new constraints. Note that the consistency conditions leave the Lagrange multipliers
undetermined. By using (58), the total Hamiltonian can be written as
are the first-class constraints, while
are the second-class constraints. The PB algebra of the first-class constraints is given by
The PB algebra between the first and the second-class constraints is given by
The elimination of the 2nd class constraints can be achieved by using the Dirac brackets (DB). It can be shown that the DB algebra of the FC constraints is the same as the PB algebra (63). Note that the constraints (61) and the algebra (63) reduce respectively to (42) and (46), if we consider the second-class constraints (62) as gauge-fixing conditions.
The physical degrees of freedom
In this section we will show that the structure of the constraints implies that there are no local degrees of freedom in a BF CG theory. In general case, if there are N initial fields in the theory and there are F independent first-class constraints per space point and S independent second-class constraints per space point, then the number of local DOF, i.e. the number of independent field components, is given by
The formula (65) is a consequence of the fact that S second-class constraints are equivalent to vanishing of S/2 canonical coordinates and S/2 of their momenta. The F first-class constraints are equivalent to vanishing of F canonical coordinates, and since the first-class constraints generate the gauge symmetries, we can impose F gauge-fixing conditions for the corresponding F canonical momenta. Consequently there are 2N − 2F − S independent canonical coordinates and momenta and therefore 2n = 2N − 2F − S. In our case, N can be determined from the table
where p is the dimensionality of the Lie group G and q is the dimensionality of the Lie group H. Consequently N = 10(p + q). Similarly, the number of independent components for the second class constraints is determined by the table
so that S = 6(p + q). The first-class constraints are not all independent, since they satisfy the following relations
One can show that
which gives (66) because ǫ ijk ∇ i F a jk = 0 is the λ = 0 component of the BI (30). Similarly
The right-hand side of the equation (69) is the λ = 0 component of the Bianchi identity (31), so that (69) gives the relation (67). As discussed in [10] for the case of the Poincaré 2-group, only the λ = 0 components of the BI give new restrictions on the canonical variables, because those BI do not contain the time derivatives of the fields. The BI components with λ = 0 will contain the time derivatives of the fields and hence must be consequences of the equations of motion (EOM). Related to this is the fact that the Bianchi identities associated to the 2-forms β and B do not induce any new relations among the constraints, see [10] . Namely, the corresponding BI (33) and (34) contain the time derivatives of the fields, so that the equations (33) and (34) are necessarily consequences of the EOM, and hence do not represent additional restrictions on the canonical variables.
The number of components of the first-class constraints can be obtained from the table
The number of independent components for the first-class constraints is given by F = 8(p + q) − p − q = 7(p + q) ,
where we have subtracted the p relations (66) and the q relations (67). Therefore, n = 10(p + q) − 7(p + q) − 6(p + q) 2 = 0 ,
and therefore there are no local DOF in a BF CG theory. Hence the physical DOF are global, and can be identified with the coordinates on the moduli space of the flat 2-connections on the 3-manifold Σ, see [9] for the case of the Poincaré 2-group.
Conclusions
Our canonical analysis implies that the BF CG action (24) is a topological field theory action, i.e. an action which is diffeomorphism invariant and has no local DOF. The propagating DOF are global and the corresponding configuration space is the moduli space of flat 2-connections for the BF CG Lie 2-group on the spatial manifold Σ. A quantization of a topological field theory can give a topological quantum field theory, which can be then used to obtain manifold invariants, see [12] . In our case, a natural next step would be a canonical quantization of the Hamiltonian formulation of the BF CG theory. For this task it would be important to better understand the PB algebra of the first-class constraints (63) and how it is related to the Lie 2-group differential crossed module.
The BF CG canonical formulation will be also the starting point for constructing the Lie 2-group analogs of holonomy and flux variables from canonical Loop Quantum Gravity (LQG), see [9] . These variables will be important for the task of finding categorical generalizations of LQG with matter, since the matter is described by the Standard Model Lie group.
